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The purpose of this paper is to construct and characterize a new finite 
simple group. The results of this paper have been announced in [9]. 
Let J be the subgroup of GL(7, 11) generated by the following 
matrices: 
two 
A Sylow 2-subgroup of J is elementary abelian of order 8 and J has no 
subgroup of index 2. If 7 is an involution in J, then C(T) = <T) x K, where 
KzA,. 
THEOREM. Let G be a Jinite group with the following properties: 
(a) Sylow 2-subgroups of G are abelian, 
(b) G has no subgroup of index 2, 
(c) G contains an involution t such that C(t) = (t) x F, where F g A, . 
Then G is a (new) simple group isomorphic to J. 
I. PROPERTIES OF THE GROUP G 
The order of G is 1 I(1 I3 - l)( 11 + 1). A Sylow 2-subgroup of G is 
elementary abelian of order 8 and all odd order Sylow subgroups are cyclic 
(of prime order). 
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Every maximal subgroup of G is conjugate to one of the following groups: 
(I) Sylow 2-normalizer which is a holomorph of an elementary abelian 
group of order 8 by a noncyclic group of order 21, 
(2) Sylow 3-normalizer (which is also a Sylow 5-normalizer) and this is 
a holomorph of a cyclic group of order 15 by an elementary abelian group of 
order 4, 
(3) Sylow 7-normalizer which is a Frobenius group of order 42, 
(4) Sylow 1 I -normalizer which is a Frobenius group of order 110, 
(5) Sylow 19-normalizer which is a Frobcnius group of order 114, 
(6) centralizer ‘t; x F of an involution t, where F s A, , and 
(7) the projective special linear group PSL(2, 11). 
The group G has precisely one conjugate class of subgroups isomorphic to 
PSL(2, 11) and two conjugate classes of subgroups isomorphic to A, . If H is 
a subgroup of G isomorphic to PSL(2, 1 l), then two icosahedral subgroups 
H, and H, of N which are nonconjugate in H remain nonconjugate in G. 
The outer automorphism group of G is trivial. The Schur’s multiplicator 
of G is trivial. 
The group G has I 5 conjugate classes of elements, and hence I5 irreducible 
(complex) characters /.Q (i = I, .., 15) with the following character table. 
Here A, , A, , A, arc the irreducible characters of degree 6 of a Sylow 19- 
normalizer (a Frobenius group of order 19.6) and a, , a2 , a3 are three non- 
conjugate elements of order 19. 
The group G has one conjugacy class with 1,463 involutions, one conjugate 
class with 5,852 elements of order 3, two conjugate classes with 5,852 elements 
Order 
of an 
element 
2 
3 
5 
5 
6 
7 
10 
10 
11 
15 
15 
19 
19 
19 
*I 4:: $3 A *6 $6 9% dJ8 
I 77 133 209 133 77 77 133 
1 5 5 1 ~-3 m-3 ? ~~ 3
I -I I 1 -2 2 2 -2 
1 2 ~-2 -1 gbd5) :(I V’S) - $(I--vS) &(l- v’3) 
I 2 -2 m-1 :(l VT) h(1 45) ;(I 26) :(1--1’s) 
1 -1 --I I 0 0 0 0 
1 0 0 -1 0 0 0 0 
1 0 0 I - &(l VT) ~ ;(I 1 Y’S) - .$(l $3) ~ j(lL$‘5) 
1 0 0 1 1(1-d) $(1--G) -- i(l’-\/5) - $(lJ d\/5) 
I 0 1 0 1 0 0 1 
1 -1 1 -1 :(1-,-v/5) -;(I h-45) -$(I ~d5) :(l- VT) 
1 -. 1 1 -1 $(l -45) :(1--d) :(1-i 45) 8(1+v’3) 
1 1 0 0 0 I 1 0 
1 1 0 0 0 I I 0 
1 1 0 0 0 I I 0 
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Order of an 
element 
1 
2 
3 
5 
5 
6 
7 
IO 
10 
11 
15 
15 
19 
19 
19 
* 14 * 15 
16 16 
4 -4 
1 1 
1 1 
1 1 
1 -1 
-1 -1 
-1 1 
-1 1 
-1 -1 
1 1 ~ 
1 1 - 
0 0 
0 0 
0 0 
56 
0 
2 
l&2/5 
1-t d5 
0 
0 
0 
0 
1 
4(1- 45) 
1(lf VT) 
-1 
-1 
.- 1 
56 
0 
2 
I-td5 
l-2/5 
0 
0 
0 
0 
1 
*(l-I 45) 
&(1-2/S) 
-1 
-1 
-1 
120 
0 
0 
0 
0 
0 
I 
0 
0 
~- 1 
0 
0 
4(4 
h(%) 
4(%) 
120 
0 
0 
0 
0 
0 
120 
0 
0 
0 
0 
0 
1 
0 
0 
--I 
0 
0 
Uu,) 
u4 
U%) 
of order 5 in each class, one conjugate class with 29,260 elements of order 6, 
one conjugate class with 25,080 elements of order 7, two conjugate classes 
with 17,556 elements of order 10 in each class, one conjugate class with 
15,960 elements of order 11, two conjugate classes of elements of order 15 
with 11,704 elements in each class and three conjugate classes with 9,240 
elements of order 19 in each class. 
The group G does not have a doubly transitive permutation representation. 
The modular representation of G generated by the matrices .4 and B is 
absolutely 1 l-modular-irreducible and the (modular) Brauer character e, of 
this representation has the following values: 
Order of an element T 
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Here h is an irreducible (ordinary) character of degree 6 of a Frobenius group 
of order 19.6 and a,, a2, aa arc three nonconjugatc elements of order 19 
(in this Frobenius group). This modular rcprcsentation of G is a faithfui 
representation of the smallest possible dcgrcc in any field. 
Finally, ‘1\, . A. Coppcl has shown that the group G is a subgroup of the 
Dickson’s simple group G2( I I) related to the Ample Lie algebra of type (G,). 
In the whole paper G will dcnote a (fixed) finite group satisfying properties 
(a), (b), and (c). The other notation is standard. 
LER121.4 2.1. The group G is simple. 
Proof. Suppose that O(G) ;i 1, where O(G) denotes the maximal normal 
odd order subgroup of G. I\:e have C(t) n O(G) = 1 because C(t) does not 
have nontrivial normal subgroups of odd order. By a transfer theorem all 
involutions are conjugate in G and so a four-subgroup of G would act fised- 
point-free on O(G), which is not possible. Hence we must have O(G) = 1. 
Suppose now that G, is a proper normal subgroup of G and that / G/G’, 
is odd. ~I’c have C(t) < G, , since C(t) has no proper normal subgroups 
with odd index. Suppose also that G, has normal subgroups of index 2. 
‘Then G, has a characteristic subgroup C such that G,;C is a nontrivial 
2-group. Since C =‘I G and all involutions are conjugate in G the group (‘ 
must have odd order. Consequently C m_ I and G, is a normal Sylon- 
2-subgroup of G, which contradicts the condition (c) of our theorem. Hence 
G, has no normal subgroups of index 2 and so all involutions are conjugate 
in G, . ‘l’he Frattini argument shows G = C(t) . G, , which is not possible. 
Hence G has no nontrivial odd order factor-groups. 
Suppose that G is not a simple group. l’hen G must have a normal subgroup 
I, such that both 11, i and G’I, are even numbers. But this contradicts 
the fact that a Sylow 2-subgroup of G is clementarp abelian and all involutions 
are conjugate in G. The proof is complete. 
John G. Thompson has given the following: 
DEFIXITION 3.1. An odd order subgroup K of a finite group Ii is called 
a 2-signalizer of I$ if K is normalized by a Sylow 2-subgroup of H. 
We can prove here that every 2-signalizer of G has order 1. Suppose that 
K i 1 is a 2-signalizer of the group G and that S is a Sylow 2-subgroup of 
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G normalizing K. The group S cannot act fixed-point-free on R and we can 
find an involution t in S such that C(t) n K = K, # 1. This however 
contradicts the structure of C(t) b ecause k; would be a 2-signalizer of F 
and we know that P&7,(2, 5) has only trivial 2-signalizers. 
Let 7’ .-= (,t, , I,= bc a four-subgroup of G. \\‘c shall determine here 
the structure of a maximal T-invariant odd order subgroup 111 of G. 
Since C( 7’) n 119 = I, we have ~ Ai , 1 :l4, . ~ ;lI, . 211, 1, where 
Mi =: C(tJ n M (z’ = I, 2, 3), t, : t,t, and -14, = I, 3 or 5. i1’e may 
suppose that M, ?= I. If MZ =m= df,, - 1, then ;‘U is a group of order 3 or 5 
and we are finished. Suppose now -It, of 1 and M:, -: 1. The normalizer 
:V(M) has 7’ as a Sylow 2-subgroup, since all 2-signalizers of G are trivial. 
The involution t, acts f&d-point-free on iM hut f, has nontrivial fixed points 
on M and so all involution cannot he conjugate in X(32). Consequently AV(M) 
has a normal 2-complement which contains 1U. By the maximality of M it 
follows :V(M) = M . 7’. If &I were a p-group, then ;U would be a Sylow 
p-subgroup of G (p 3 or 5) and M, , Jil, being conjugate in G should also 
be conjugate in X(M) by a theorem of Burnside. This however is not the 
case. Hence M is a cyclic group of order 15 in this case. S~~ppose final11 
~$1, :- I, iSf2 *’ 1 and NE; T I. If M is not a p-group, then either 
AM = 5” . 3 or j 111, ~- 3” . 5. Consider at first I M 1 ~ 5” . 3 and denote 
by I’ :: ;W, . AZ2 the invariant Sylow j-subgroup of :W. The normalizer 
:L’(P) has T as a Sylow 2-subgroup and, since all involutions in N(P) are not 
conjugate, :V(P) has a normal 2-complement containing M. The masimality 
of iW gives A’(P) =- 42 . 7’. It follows that 1 is a Sylow 5-subgroup of (: and 
the subgroups AZ1 and 11lZ being conjugate in G arc conjugate in l14T. Hence 
there is an element p t :1f, such that LL lM,/~ - MZ . Transforming this 
relation by t, we get p1.1,~~~ := MZ and ~-‘121,~ ~J1,~~~l or ~2 E :V(;l1,) 
and LlZ, is normal in 41 7’ which is a contradiction. If .T1 = 3” 5, then 
-II is a nilpotent group with a Sylow 3-subgroup P, \ve have X(P,) A1 7’ 
and /‘1 =m MIM, is a Svlow 3-subgroup of G. The groups AZ, and LPZZ should 
be conjugate in 11-Z ’ 1’ which is not the case. Hence 111 must be a p-group. 
Suppose that :Q! is not an abelian group. ‘I’hen the center Z of :W has order 
p (p := 3 or 5) and being Y-invariant wc may s~~pposc % - 112, . Consider 
-\-(,21,). Obviously IV(M,) f7 Af ’ 7’ MIM~T and dV(l’Lf,) - MT. But ilf, 
and -lIS are conjugate in G and so ;V(:WJ has a normal 2-complement ;G 
of order p” containing -II, . ill, . It follows that ‘V(M, rll,) is not contained 
in !!Jil. On the other hand :V(;W,AfJ has T as a Sylow 2-subgroup and a 
normal 2-complement containing 11f which gives X(l%flAZJ = :MT and this 
is a contradiction. Consequently M must be an elementary abelian p-group 
(p := 3, 5). The case p = 5 can also be ruled out. Suppose that M is an 
clemcntarv abelian 5-group of order 5”. By a theorem of Burnside we must 
have :V(lG) .I AZ . 7’ and by the maximalit; of ‘11 WC have O(:V(M)) -= M. 
152 JANKO 
The four-group T is a Sylow 2-subgroup of ;V(M) and hence N(M) does not 
have a normal 2-complement. This gives that all involutions are conjugate in 
N(M) and so N(7’) n N(M) is a tetrahedral group with a subgroup L == (v‘: 
of order 3. The group L does not fact fixed-point-free on M since 125 + 1 
(mod 3). From the structure of IV(T) f o 11 on’s that L is contained in the cen- 
tralizer of an involution 7. The group I, is normalized by a four-group T 
which is a Sylow 2-subgroup of N(L) and because T contains another 
involution ? acting nontrivially on 1, we get that N(L) has a normal 2-comple- 
ment A?. Because 1 A [ is divisible by 15 we get by the previous results that 
,@ is a cyclic group of order 15 containing a subgroup L, of order 5. We have - - 
also lV(L,) = MT. Rut N(M,) =- M . 7’ which contradicts the fact that L, 
and &I, are conjugate in G (as two subgroups of order 5 contained in the 
centralizers of involutions). In conclusion we have the following possibilities 
for a maximal T-invariant odd order subgroup <kZ of G : group of order 3, 
group of order 5, cyclic group of order IS and elementary abelian group 
of order 27. 
Let t! be a subgroup of order 5 of C(t). The normalizer %(C;) has a 
four-group T = \ t, A as a Sylow 2-subgroup, where the involution 7 acts 
fixed-point-free on (i. Hence :V( c’) h as a normal 2-complement Ml which is 
contained in a maximal T-invariant odd order subgroup Al. By the previous 
results (about M) WC get that M, is a group of order 5 or a cyclic group of 
order 15. In the second case denote by I’, the group of order 3 of M, . Since 
07, is also centralized 1 >y an involution (of ‘f), we get in the same way that 
:V( L’,) _: IU,T. Hence we have proved 
J23ISIA 3.1. Let U he a subgroup of order 5 contained in C(t). Then we 
have the followinc~ two possibilities: 
(i) A’(G) < C(l), or 
(ii) N( 7;) has a normal 2-complement M which is a cyclic group of order 1.5 
and ;f U, is the subgroup of order 3 of M, then we also have N( 0;) = N(U). 
If T =-; (t, 7; is a Sylow 2-subgroup of N(U), then C(t) n M = U, 
C(T) n M = U, 
and C(t7) n M = (1). 
IV. THE ORDER OF G 
The irreducible characters of C(t)/(t,) z F g A, are considered as 
characters of C(t): 
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I 
7 1 I 0 -I -1 
b I ~- 1 I 0 0 
In this table pr , p2 are two nonconjugate elements of order 5, T is an involution 
and b is an element of order 3. Let us denote the nontrivial linear character 
of C(t)/F by 5. Let the “special classes” of C(t) be formed by the elements 
t . x, where x is any element of odd order of P. We have the following basis 
of the module (over integers) of generalized characters of C(t) vanishing on 
nonspecial classes of C(t): 
We are applying now the exceptional character theory of Suzuki [14]. 
Denoting by 1 x / the norm (x, x) of a character x we have in our case 
1 vr* 1 = / pr 1 = 4 and (x0 , qr) = (1 o , qr*), where yr* denotes the induced 
character of G and 1, the principal character of G. Similarly 
I p2* / = 1 p3* / = 4. 
Hence we have the following decomposition: 
% * = 1, + El% f $X2 + E&i, 
fPz* = ?lYl + rlzY‘2 + 773Y3 + 714Y4 3 
v3 * = 51% + 52% t 5323 + 54x4 7 
where xi , yi , zi denote non principal irreducible characters of G, ci , vi , 
ti are all &l and the irreducible characters which appear in a fixed pi* 
(z’ = 1, 2, 3) are different. Now we have two possibilities: (1) the irreducible 
characters appearing in vr* and y2* are all different, (2) pr* and us* contain 
at least one irreducible character in common. 
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Case (1). JVe have j vr* + p3* 1 = / yi -!- ~a 1 = 12 and so we can denote 
the characters in such a way that a, :== x, , nZ --: x2 , <i ~=: pi , iZ = <a and all 
other irreducible characters appearing in qi* and q+* are different. Similarly 
from I CT~* -t pa* 1 ~~ I 9)% I- 9 :+ ~ = 12 follows after a suitable notation (of 
the characters appearing in ps*) z:r = 3 1,cq:=y2,53-.=11,54~172. 
Case (2). Since / q~i* -I- q~s* I -= / q, .~ qZ , -r 8, we get after a suitable 
notation 
Pl *:I G + 61% : t‘& 1~ EQXl 
5% * = ElX'l ~~~ tax, -~ 7pry7 + q$y4 ) 
where all differently denoted characters are different. Recause 
the characters q~r* and us* have precisely two irreducible characters in 
common and they appear with the same multiplicity. The same is true for 
the pair vs*, ~a *. This gives essentially only one possibility: 
93 * = EIX1 -+ E3X3 (- 7j3y3 -t &z4 , 
where zp is different from all irreducible characters appearing in vi* and q+“. 
We shall use many times the following: 
LEMMA OF SUZUKI [14]. Let G be a finite group of even order, H a 
subgroup of G and D a subset of N with the property: if (r E D and 
x-lax = o-l, then x E H. Let 
be a generalized character of H (#j are irreducible characters of H) which 
vanishes on H\D. If 
is the induced generalized character of G (xi are irreducible characters of G), 
then 
where g = 1 G j, h = 1 H 1, fi = xi(l), uj = #,(l), ~~(1) is the sum of the 
values of the character xi on all the involutions of G and $?(I) is the sum of 
the values of the character $j on all the involutions of H. 
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We have the following two possibilities for the decomposition of p,* 
(i =- 1, 2, 3): 
Case (1): cpi* = 1, + ~1~;i + E~.Y~ Am E:~s~$ 
ye* = 7lYl + rlrY2 + 7.33 + 74Y4 
F3 * = e1.q + +q + 713’1 pi- Qy% , 
Case (2): vr* = 1, + <ix1 + +1;, -1 caxa 
P2 * = EIXl - +Z^Z -I- qay3 f 7743’4 
PJ * = ElXl + <3X3 L QY3 + i4z4 , 
where 1, is the trivial character of G, xi , yi , z4 are different nonprincipal 
irreducible characters of G and ci , 7; , l4 are all & 1. 
Furthermore we have 
p4* = w1 - w2 ) 
where pi f z+ are nonprincipal irreducible characters of G. From the results 
of Gorenstein and Walter [8], p. 578, and Brauer [3] it follows that the 
irreducible characters 1, , xi , yi , z4 belong to the principal 2-block of G and 
q , c2 are two different irreducible characters of a 2-block of defect 1 of G. 
Hence the characters nui (z’ = 1, 2) are different from all the characters 
appearing in the decompositions of pi” (i = 1, 2, 3). 
If o is an element of the “special classes” of C(t) and if an irreducible 
character x of G appears in F~* with multiplicity a7 , 1 < i -< 4, then 
x(4 = (n1 ~ n.3) + %5$(U) ~- Q(u) t a4/31(u). 
In particular we have the following values of the characters on the involution t: 
Case (1): q(t) = -59 , x2(t) -= --5c2 ) x3(t) = Eg , 
Yl(f) = -3% , J%(f) -= -37, 7 Y3(4 = 3% , 
Y4(t) = 3174 > q(t) == 4, w&t) = -4. 
Case (2): x1(t) = -29 ) q(f) = -29 ) x:$(t) = -5E3 ( 
Y3(f) = -317s t Y4Cf) == 374 ? x4(f) = -614 > 
w*(t) = 4, w%(t) =~= m-4. 
Also we have the following values of the characters on the element 0 =: t . CL, , 
where pi is an element of order 5 in C’(t): 
Case (1): It(a) .= I, x1(0) = x2(u) == 0, 
x3(u) = E3 , yt(u) = -&,(I -It 2/S), 
yz(u) == -$712(1 -t &),y,(u) = $T3(1 - 2/S), 
Y<(U) : ;q4(1 - 2/S), ZQU) = -1, w2(u) = 1. 
481/3:2-3 
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(‘ase (2): lo(a) = 1, xi(o) = $i(l ~ l/5), 
x2(u) =-= &a(1 ! 2/q, Xs(U) ~~-7 0, 
?Cl(~) z ~~ ;%u - 2/% 3’l(4 :v,u vq 
G%(U) ~~ r4 , q(u) 1, 7,$0) -- 1. 
If y, is any other irreducible character of G, then x(t) x(f pl) 7~ 0. Hence 
the group G has precisely 8 irreducible characters of G which do not vanish 
on u ~= t . p, 
C’ase (i) of Lemma 3.1. ‘I’he normalizer ;V( (!) has order 20. 1,ct 7’ I, f, 
be a Sylow 2-subgroup of :V’( I) ), where the involution t, acts fixed-point-fret 
on U. The group A’(C);’ ti has two linear characters 5” (the principal 
character), 8’ and tw-o irreducible characters [i’, Ez’ of degree 2. \Ve have 
&‘(P,) =- f ~~~ p-l, L’(P1) P’ f P 2> where I-L~ is a generator of C’ and 
p is a primitive fifth root of I. Let c’ be the nontrivial linear character of 
N(C)/(N(c) nF). Let the set of “special classes” of S(C) in the sense of 
Suzuki [14] consist of the conjugate classes of j~i , ELM”, pit, ~~9 in l\‘(U). The 
module (over the ring of intcgcrs) of the generalized characters of N(L) 
vanishing on nonspecial classes of a( C’) has the following basis: 
If x is an irreducible character of G which appears in p):* with multiplicity 
n, (1 < i < 4), then 
XC”) -= Gz’(~) ~,U~) L’(Q) I- ?l -t n45’(u), 
where CJ is any element of the set of “special classes” of N( c’). 
Now we have the following decomposition of the induced characters cpi*: 
where xi, pi, Z, , bi are nontrivial irreducible characters of G and E7 , 7, , li , 6, 
are all IJt 1. Also the irreducible characters appearing in a fixed FL* (1 .< i < 4) 
-- 
are different. From j pi /~- yp%’ ! = &* 7- &* / = 4 and E‘,ta = ~~77~ = I 
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(which is a consequence of &*( 1) = pi*(l) = 0) follows that the irreducible 
characters 5, , f, , yr , ya are all different. From 
follows that &* and qi* have precisely one irreducible character in common 
which appears with the same multiplicity. M’e may suppose 5r : d, , 8, --= 5, . 
Since j q~i* -+ cpA* 1 = 1 cpr’ + qx.’ 1 = 7, it follows that pi*, p?j* have precisely 
one irreducible character, sav %r , in common (with the same multiplicity). 
But the characters vB* (1 < i < 4) cannot have more irreducible characters 
in common because (by our previous results) the group G has precisely 8 
irreducible characters nonvanishing on t . p1 . Since 
it follows that pi*, vi* also must have precisely one irreducible character 
in common (with the same multiplicity). Hence we get finally 
where all differently denoted irreducible characters are different. From this 
result follows: 
and all other irreducible characters of G vanish on t . ,+ . Hence if x is any 
irreducible character of G, then x(t& = $1, or &(p” $-- p -“) or 0. This 
contradicts our previous results in Case (1) and Case (2). Hence the case (i) 
of Lemma 3.1 cannot happen. 
Case (ii) of Lemma 3.1. We take as “special classes” of N( U) the conjugate 
classes (in N(U)) of p, p2, V, p . V, I** . v, ,u~t, pt, p2t, ~7, where p is an element 
of order 5 and v an element of order 3 in N(U). The irreducible characters 
of Ar( U)/( U, T) (considered as irreducible characters of N(U)) are &” (the 
principal character), [r” (linear nonprincipal) and Ea” (of degree 2). The 
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generalized character F = to” } [i” - Er” vanishes on the nonspecial 
classes of IV(I)‘) and we have ‘p* = 1, + E,‘s~’ I- ~a’xa’, where 1, is the 
principal character of G, ,vr’, s2’ are two different nonprincipal irreducible 
characters of G and ei’, ~a’ are fr I (ta’ pi’). LVe shall apply here the 
Lemma of Suzuki for the characters rp, q* and the subgroup 4(U) of G: 
ahere g = , G 1, hi = l r’~i’( I), /zn = l a’~~‘(l). From p*(l) z p*(t) = 0 
follow the following relations: 
1 + hi + ha = 0, I -t El’xl’(t) i- c2’x2’(t) T=- 0. (**) 
If xi’(t) m= 0, then sa’(t) - -~Q’ and ~-g/z, :z 2’ . 35 . %a Since si’ is a 
character of 2-defect 0, hi is divisible by 8 but not by 16 and so g is divisible 
by 16 which is not possible. Hence .x1’ and x2’ are characters of positive 
2-defect. Suppose at first that vve arc in Case (1) of the exceptional character 
theory of C(t). Then xi(~) ~~ pi , ,X?(W) = Ed , X~(TV) = ~a , Z~(TV) -= 1, 
V&V) = ~ I, yi(~) m= ys(~) =- y3(7v) ~-= Ye = 0. From the relation 
T*(W) - T(W) = 3 follows that .vi’, s2’ are equal to one of the characters 
Xl , x2 , x3 , =I , as and because of (**) we may suppose xi’ = .wi , x~’ ~= vi and 
so x,‘(l) = +5, pa’ = +4. The formula (*) gives 
g(Iz, + 5)2 = 27 . 35 . 5h,(h, + 1). 
The character x1’ is a character of 2-defect 1, and hence h, + 1 is divisible 
by 4 but not by 8. It follows that 2” is the exact power of 2 dividing h, + 5. 
On the other hand the numbers h, and h, f- 1 are relatively prime and both 
divide g and so (h, (- 5)a must be a divisor of 27 . 35 5. Also we know that 
g is not divisible by 32 and so (hi -I- 5) 2 is divisible by 34. Hence we have 
h, -1 5 :.= ~~23 * 32. If hi + 5 = 23 . 32, then g is not divisible by 7 which is 
not the case. Hence we have h, = -77 and g = 23 . 3 . 5 . 7 * 11 . 19. Now 
applying again the Suzuki’s Lemma for the characters 
and the subgroup C(t) in Case (1) we get together with vr*(l) = 0 
1 1 
’ ’ __- 242 f2 + ~ - x 1202 fS I 
6 
’ 
1 +fl +f2 +I”3 =o, 
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wherefi = E,x~(~), i = 1, 2, 3. We put alsof, = f77 and 
in the relations and we see that we get integral solutions in f2 and f3 only for 
fi = -77. In this case we get f2 = ---7 . 19 and f3 = 19 . 11. 
Suppose now that we are in the Case (2) of the exceptional character 
theory of C(l). The values of the irreducible characters on 7 . v are in this 
case: 1 (;(Tv) = 1, xr(7v) = E, , xa(7~) .= Ed , XJTV) = c3 , ~JTv) = ~~(7”) = 
Z~(TV) = 0, vi(~) = 1, ZJ&-V) = -1. From the relation T*(W) -= P(W) = 3 
follows that x1’, x2’ arc equal to one of the characters xi , xp , .x3 , r~i , z1a .
Using the second relation in (**) we see that we may suppose that xi’ -= xa 
and .x2’ = or and so we get xi’(t) == &5, x2’(t) = &4 as before. Hence 
h, =: -77 and R = 23 .3 . 5 .7 . 11 . 19. Again applying the Lemma of 
Suzuki for the characters pi = x0 - < - ,8 + [ . p, 
y1* = 1, t EIX1 - Q‘Q + E3X3 
and the subgroup C(t) in Case (2) we get together with pi*(l) = 0, 
g(&+ 
11 I1 11 ~- __- 
60’ fi + 602 .f, + 242x =6, ) 
1 +fl +fi +f, = 0, where fi = G%(l), i = 1, 2, 3. 
Putting here g = 23 .3 . 5 . 7 . 11 . 19 and f3 = A77 we see that these relations 
do not have integral solutions in fi , f2. Hence the Case(2) cannot happen and 
so we have proved the following: 
LEMMA 4.1. TheorderofthegroupGis 11 .(113 - l)*(ll + 1). Weare 
necessarily in the case (ii) of Lemma 3. I and in the Case (1) of the exceptional 
character theory of C(t). 
V. DEGREES OF THE IRREDUCIBLE CHARACTERS OF THE 
PRINCIPAL ~-BLOCK OF G 
We know fr = ~77, fz = -7 . 19 and f3 = 11 . 19. Using again the 
Lemma of Suzuki for p)a and p3* we get 
wherea = rllyl(lk2 = ~~ydl). Th ese relations giveg, = 7 . 19,g, = 7 . 11. 
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Similarly for y2 and ~a* we get 
where g, = r/:ays(l), g,= q4y4(l). This gives g,= -7 * 11 and g,= -7 . 19. 
So we have proved 
LEMMA 5.1. Degrees of the irreducible characters 1 G , x1 , x2 , xa , y1 , yZ , 
y.. , y4 of the principal 2-block of G aye: l(;( 1) = 1, x1( 1) = 77, x2( 1) = 133, 
~~(1) = 209, y,(l) = 133, ~~(1) =: 77, y,(l) = 77 and y,(l) = 133. 
VI. SYr.ow NORMALIZERS IN C 
The structure of a Sylow 3- and a Sylow 5-normalizer of G is known by 
Lemma 3.1 (ii). 
A Sylow 2-subgroup S of G is elementary abelian of order 8 and also 
C(S) = S. The condition (b) of our Theorem, a transfer theorem and the 
fact that GL(3,2) does not contain elements of order 21 show that all 
involutions are conjugate in G and that -V(S’)/S is the noncyclic group of 
order 21. Hence N(S) is a holomorph of an elementary abelian group of 
order 8 by a noncyclic group of order 21. 
For the index n,, of a Sylow 19-normalizer we have the following two 
possibilities: n,, === 4 . 5 or 4 . 5 . 7 . 11 because we must have rzi9 s 1 
(mod 19). Suppose that ni, = 4.5. Then 1N(G,,)I -19.2.3.7.11, 
where G,, denotes a Sylow 19-subgroup of G. Let C be a complement of 
G,, in N(G,,) and D the subgroup of index 2 in C. Let D,, be a Sylow 
1 l-subgroup of D. Obviously D,, P D and hence D,, 0 N(G,,). But then the 
index of a Sylow 1 l-normalizer is a divisor of 20 and hence D,, i> G which 
is not possible. So the index of Sylow 19-normalizer is 4 . 5 * 7 . 11. By the 
structure of C(t) and a Sylow 3-normalizer follows that N(G,,) is a Frobenius 
group of order 19 * 6. 
For the index Barr of a Sylow 11-normalizer we have the following two 
possibilities: n,, = 8 . 5 . 19 or 4 . 3 . 7 . 19. However by the structure of a 
Sylow 3-normalizer follows that the first case cannot occur. Also using the 
structure of C(t) and a Sylow 5-normalizer we get that a Sylow 1 l-normalizer 
is a Frobenius group of order 11 . 10. 
Because the index of a Sylow 7-normalizer must be divisible by 4, 11 and 
19 we get that a Sylow 7-normalizer is a Frobenius group of order 7 * 6. 
From the structure of Sylow normalizers we can count the number of 
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conjugate classes and the number of elements in each class. If we sum up the 
number of elements in each class we get 175,560, which is the order of our 
group G. 
Also we remark that all four-subgroups of G are conjugate and that the 
normalizer of a four-subgroup of G is direct product of a group of order 2 
and a tetrahedral group. 
I,EXVIA 6.1. A Syloza 2-normalizer is the holomorph of an elementary 
abelian group of order 8 by the noncyclic group of order 2 1. A Sylow 3-normalizer 
(which is also a Sylow 5-normalizer) is a holomorph of the cyclic group of order 
15 by a four-group. A Sylow 7-normalizer is a Frobenius Rroup of o&r 7 . 6. 
A Sylow 1 l-normalizer is a Frobenius group of order 11 . 10. A Sylow 19- 
normalizer is a Frobenius group of order 19 . 6. 
I,em~A 6.2. The group G has one conjugate class zuith 1,463 involutions, 
one con&gate class with 5,852 elements of order 3, tzoo conjugate classes with 
5,852 elements of order 5 in each class, one conjugate class with 29,260 elements 
of order 6, one conj’ugate class with 25,080 elements of order 7, two con&ate 
classes with 17,556 elements of order 10 in each class, one conjugate class &th 
15,960 elements of order I 1, two conjugate classes with 11,704 elements of order 15 
in each class and three con&fate classes with 9,240 elements of order 19 in each 
class. 
LEMMA 6.3. The group G has 15 conjugate classes of elements and hence 15 
irreducible (complex) characters. 
ImmrA 6.4. All conjugate classes of G are real and hence all irreducible 
characters of G are real. 
VII. THE CHARACTER TABLE OF G 
M’e know E1 = ~ 1, Ed = - 1, Ed -1 1, 7, = 1, Q = 1, r/Z = --1, Q z ~- I. 
This gives the values of all irreducible characters on 2-singular elements as 
stated in Section I (& = xi, ?I:3 = .L.z,?bq I= x3,$5 -y1,?hi =yz 7 *, = 
Ya, 48 =Y4 1 $43 = VI, #iO -= v2). Here we are using the fact that the 
irreducible characters belonging to 2-blocks of defect 0 vanish on 2-singular 
elements. Also we can put p + p-l= -&l - 2/s), p2 +pmB2 m= -&(l + d5), 
where p is a primitive 5-th root of 1. 
We shall use now the following: 
LEMMA OF BRAUER AND SUZUKI [4]. Let G be an arbitrary group of 
finite order. Suppose that G contains an abelian subgroup A satisfying the 
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condition: A is the centralizer of anv element i 1 of A. Let it denote the 
order of A, 1 the index [N,(A) : A] and put w = l/l(n I). If w > 1, then 
there exist exactly w irreducible characters -Y, , . . . . XW , called exceptional 
characters, such that X, is not constant on 24’; \ 1) for i = 1, . . . . w. If an 
element T is not conjugate to any element of A;(1 ?, then we have 
Xi(x) = X,(n). If a character Y is nonexceptional, Y takes a constant value 
c on A\< 1,). \Ve have a linear combination 
which vanishes on elements not conjugate to an element of A\(l). Here 
F = f 1, a is a certain integer, and the first summation extends over excep- 
tional characters, while the second one ranges over all the nonexceptional 
characters. We have moreover 
(a + c)” f (w - 1)a” t cc2 = 1 + 1. 
Also every c is a rational integer. 
We shall apply this Lemma in the case where A = G,, is a Sylow 19- 
subgroup of our Group G. Here I = 6, w = 3 and we have three exceptional 
characters Xi , X, , X, . We get 
where the summation goes over the I I nonexceptional and nonprincipal 
characters. If a --_ 0, thenz c2 = 5 and so at least 6 irreducible characters of 
G vanish on G,&(, I\. If a f 0, then a =- + I, 1 c2 < 4 and so at least 7 
irreducible characters of G vanish on G,,:,,:~li. Hence in any case at least 6 
irreducible characters of G have their degrees divisible by 19. 
For the characters vi , ~a of the 2-block of defect 1 we have 
q( 1) = Ua( 1) = 4a, ) 
where a, is an odd positive integer. For the 5 irreducible characters zi , z2, 
z3, xq , .zg which belong to 2-blocks of defect 0 we have zi( 1) = Sa, (i = 1, . . . . 5), 
where all ai’s are odd integers. 
The sum of the squares of degrees of all irreducible characters of G must 
be equal 175,560. This fact gives the following formula: 
uo2 +- 2(a,” ( u22 + us2 f- aJ2 .(~ as”) = 1,907. (*) 
Consider now the normalizer N(G,) of a Sylow 7-subgroup G, of G. As 
the “special class” of N(G,) we can take the set G,\(l). The generalized 
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character y = 0 - h vanishes on nonspecial classes of N(G,), where .Q is the 
character of the regular representation of N(G7)]G7 and X is the irreducible 
character of degree 6 of N(G,). Because 1 q* 1 = 1 y 1 = 7 we have the 
following two possibilities for the decomposition of the induced character 
v* of G: 
or 
where all yV = &l and ui’s are different nonprincipal irreducible characters 
of G. If an irreducible character x of G appears with multiplicity n in p*, 
then X(U) = n for all 4 E G,\,( 1,. Suppose that we have the decomposition (2). 
Then 11 irreducible characters of G have their degrees divisible by 7. \5’e 
know that 6 irreducible characters from the principal 2-block of G have their 
degrees divisible by 7 and so 5 irreducible characters involved in the 
formula (*) have their degrees divisible by 7. Also we know that at least 2 
irreducible characters involved in (*) have their degrees divisible by 19. 
It is obvious that no one ai in (*) can be divisible by 19 . 7. If a, = 19, then (“) 
gives 
2 .49(aI” -+ ~1” + u;” + ui2 -+ ~5”) = 1,546, 
where ai = 7q (; = 1, . . . . 5). This is impossible since 1,546 is not divisible 
by7.Ifq =a2 = 19, then a, , a3 , a4 , uj are divisible by 7 and (*) gives 
49~22 + 2 .49(aF f ui2 + uI”) = 463, 
where 7~2,’ = ai (z’ = 0, 3, 4, 5). This is again impossible because 463 is not 
divisible by 7. Hence we must have the decomposition (1). In this case we 
have q(u) = Q (0 E G,\<l)) and q(l) = qz (mod 7). The group G has 
precisely 8 irreducible characters whose degrees are divisible by 7. Suppose 
at first that a, # 19. Then we may suppose a, = a2 = 19. But this is 
impossible since 8 . 19 = &I (mod 7). Hence we must have a, = 19. After 
a suitable notation of the characters belonging to 2-blocks of defect 0 we get 
a, = 7a,‘, u2 = 7a,‘. The formula (*) gives 
49(aF + a,?) -I+ a32 + a42 + us2 = 773. 
Because Su, EC &l (mod 7) for i = 3, 4, 5 we get ai ~1 &l (mod 7) 
(z’ = 3, 4, 5). The only possibility is u3 == a4 = u5 = 15. From the formula (*) 
we get finally u;2 + ui2 = 2 and a’, = a2’ = 1. Degrees of the irreducible 
characters of G which do not belong to the principal 2-block of G are 
F,i(l) = 4 . 19, V,(l) = 4. 19, q(1) -= 8 . 7, Z,(l) == 8 7, ZJl) = Zq(l) m- 
ZJ 1) = 8 . 15. Also we have determined the values of all irreducible 
characters on the elements of order 7 as stated in the character table of 
Section I. ($it = z1 ) Qb,2 z2 ) s/l,:3 ~~ z1 , </Q14 = Z4) $!I,, z:). 
Let us consider again the 19 Sylo\v-normalizer ,V(G,,) to which we are 
applying the Lemma of Brauer and Suzuki. Because precisely 6 degrees of 
irreducible characters are divisible bv 19 1%~’ must have (I 0 and 5 nonzero 
T’S arc equal i:l. If Y is a noncxceptional character, then Y-( 1) c (mod 19). 
Bccausc 8 15 + Z 1 (mod 19) z8 , z3 , zi arc the e.sceptional characters. We 
have determined the values of all nonesccptional characters on the elements 
of order 19. It remains to determine the values of unZl , ~r , zg on the elements 
of order 19. ‘I’he elements of order 19 in G,!, form three “special classes” in 
.\‘(G,,) and the basis of the module (over the ring of integers) of generalized 
characters of ;V(G,,) which vanish on nonspccial classes of X(Gta) is formed 
by the following generalized characters: 
Here A, , A, , Aa arc three different irreducible characters of ,\;(G,,) of degree 6 
and 8, is the character of the regular representation of N(G,,)/G,, considered 
as a character of N(G,,). Considering the norms we can find the following 
decomposition of the induced characters: 
where E, ci lm I and s,‘, x’, yi’ arc all different nonprincipal irreducible 
characters of G. This is a consequence of the fact that there are no more 
than 6 irreducible characters of G which vanish on the elements of order 19. 
If an irreducible character x of G appears in gi* with multiplicity A, , then 
where a E G,,\(,l,,. Especially we get x1’(o) = &(o), ~~‘(0) = &(a), 
.X’(U) = --E(~,(o) + X2(o) + 1) = AA(~). The characters x,‘, xZ’, s’ are 
exceptional and hence we may suppose .Y,’ = z3 , x2’ = zq , x’ = z5 . The 
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character x1’ vanishes on the elements of order 3, 5, and 15 and summing up 
xi’ on all elements of G we get 9240-9240 E = 0 and t = 1. 
Consider now a Sylow 11-normalizer V(G,,). Let 0’ be the character of 
the regular representation of -V(G,i)/G,, and h’ the irreducible character of 
degree 10 of N(G,,). The elements of G,,‘l iI\ form one “special clans” of 
N(G,,) and 97’ .= 0’ - X’ vanishes on nonspecial classes of :V(G,,). 1Vc get 
where all Q’ = fl and ui’ (i = 1, . . . . 10) are nonprincipal different irredu- 
cible characters of G. Here we have used the fact that G has preciselv 4 
irreducible characters whose degrees are divisible by Il. For UE G,,\, ’ I ) we get 
q’(u) = vi and ~~‘(1) =r Q’ (mod 11). 
This gives the values of all irreducible characters on the elements of order 1 1. 
It remains to determine the values of characters on the elements of order 3. 
5, and 15. Let U = (<,u) be a Sylow 5-subgroup of G and ci, = ~,v> a Sylow 
3-subgroup of N(U). We have N( L:;:) = f’ li, ~1) x < Ur, tj, where t, 7 are 
involutions, (I;, 7) is a dihedral group of order 10 and ( C’, , t> is a dihedral 
group of order 6. Let &, be the trivial character of V(U), [i linear nontrivial 
character of N(U)/( 71, T), E, th e irreducible character of degree 2 of 
N(G)j~~U, T), A, linear nontrivial character of .V( U)!( LTi , f 1 and & , 1, two 
different irreducible characters of degree 2 of X(U)/k,C’i , t:. As the set of 
“special classes” of N(U) we take the set of all elements of N(U) which do 
not have order 1 or 2. Hence we have 8 special classes and 4 nonspecial classes 
in N(U). The values of the characters of N( C’) on nonspecial classes are: 
11 12 12 2 12 2 2 4 4 
t 1 -1 0 1 2 2 -1 -2 -2 0 0 0 
T 1 1 2-l 0 0 -1 0 0 -2 0 0 
tr 1 -1 O-1 0 0 10 0 0 0 0 
Also we have X,(p) = p + p-r, h3(p) = p2 -+ pe2, h2(pa) = p2 + p-2, 
A3(PZ) = p + p-l, where p is a primitive 55th root of 1. The module of 
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generalized characters of N(L) rh’ h .’ u IC vanish on nonspecial classes of N(U) 
has the following basis: 
If an irreducible character x of G appears in TV* with multiplicity ni 
(i = 1, . .., 8), then for any element o of the set of special classes of N( L’) 
This can be proved by using the Frobenius reciprocity law and a result of 
Suzuki [14]. Because / vi* j = / vz 1 (i = 1, . . . . 8) we have the following 
decompositions of the induced characters cpi* of G: 
where tZ , yi , Bi , Ed’, Q’, O,‘, Ed , ?ji are all equal *I and ui , Si , wi , ri , vi’, 
lo;‘, zii ) Cz are irreducible nonprincipal characters of G which are different 
in a fixed p,* (i = 1, . . . . 8). Because 1 v5* + F,* 1 = / v5 + F, / = 3 we may 
suppose Ur = vr’, <r = -7t’. Because 1 v6* + q8* j = 3 we may suppose 
Z’, = wl’, 7jl = -fY1’. 
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Hence we have 
v5 * = ?jl’wl’ + Q’z12’ 
f&* = i31’w1’ + ez’wz’ 
Let x be any irreducible character of G. Then ~(“7) = n, - n2 . Since we 
have precisely 6 irreducible characters of G which do not vanish on v . 7 
(element of order 6), qi * and v,* do not have characters in common and the 
set of characters ur , u2 , ” F, , 2~~ , ti, is equal to the set of characters x1 , .x2 , .x3 , 
z1,ti2.Because~,*(l)=Oanda,(Tv) = l~emusthave~,*=l~+~,~~x,. 
Because v2*(1) = 0 and ~~(7,) = -1 we must have CJ+* ~= sy ~~ xx - Us 
Also we have 
x(t . PL) = (717 - ?zs) + (n, - n5) . (p" t p-") 
= (?z, - ?LJ + (?z6 - n,) . ’ +2d5 
Since we have precisely 8 irreducible characters of G which do not vanish 
on t . p (element of order IO), all d ff i erently denoted characters in the 
decompositions of p5*, ys*, p7*, and px* are different and the set of characters 
Vl‘, 
_ - 
2’2(, WI’, %!), u2 , v2 7 C3 is equal to the set of characters x3 , yr , y2 , ya , y4 , 
vi , zj . Since precisely four irreducible characters of G have nonrational 
value on t . p, the set of characters z’t’, z’.,‘, Wl, ’ We’ is equal to the set of 
characters yr , y2 , y3 , y4 . 
We are taking the first conjugate class of the elements of order 10 in our 
table of characters Section I as the conjugate class of t . CL. Because p,*( 1) = 0 
the set nt’, z& is a subset ofy, , y3 , vu1 , V? and hence or’ is one of the characters 
y2 , y3 . Since z1r’( 1) = v~‘( I), we have that the sets or’, vz’ and y, , ys are equal. 
We have q’(tp) = -&~t’( 1 - d5) and yt(fp) = -&l + 2/s), y3(tp) = 
-&( I - 2/s). Hence or’ 1 1, ye’ =: - I and cp5* = y3 - yz . In the similar 
way we get CJJ~* = yr ~ y4 Further we have q7* = 1, - ya + ziz and 
because cp7*(I) = 0 and z&(tp) =_ 1 we get IJ+* = I, -- ys -t z?~ . Finally 
p*s = y4 & vr & xs and ~s*( 1) = 0 gives qs* = y4 + vu1 - x3 . 
It remains to establish the decompositions of p3* and q4*. Obviously the 
characters zr and z2 must appear in p3*, pa* since ~~(1) and x,(l) are not 
divisible by 15. But both zr and z2 cannot appear in pa* (or p4*) because of 
the fact that p,*(l) = 0 and ~~(1) -+ z2( I) = 112 is not degree of any 
irreducible character of G. We may suppose wr = zr , y1 = z2 . Now, 
ITa* t p6* 1 = 7 and so va* and y5* have precisely one character in common, 
say wa, with the same multiplicity. Suppose w2 = yz , 0, == -1. Also 
1 pa* + F~* 1 = 4 and so pa* and F~* have precisely one irreducible (non- 
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principal) character in common with the opposite multiplicity. We get 
(P3 
* == 0, . ” -1 ~ yz ~~~ o2 which contradicts the fact that CJX.*( 1) = 0. Hence 
we must hare w, --my:!, oz ~~- 1. Now, I CF:~* us* / mu 4 and so qzl* and vs* 
have precisely one character in common with the opposite multiplicity. Also 
I %* -1 qs* / == 7 and so pia* and y,* have precisely one character in common 
with the same multiplicity. Hence pa* m~=~ Hi,-, y1 y4 The fact F~*( I) -- 0 
gives ~~~ =~- z, + y:, ?!a . Further we have Y)~* ~-,~ (I~* / 3 which shows 
that p4* and TV* have precisely one character, say Y? , in common with the 
opposite multiplicity. Suppose rz :_- y4 , Ed’ 1. Rut then I g::,” 1 ?4v : -= 6 
gives rQ = y,: , E:~’ = 1 n-hich contradicts I’m* = 0. Hence we must have 
Y2 =- y1 ) E.,’ 1 . The fact 1 qi4* 4 ci;* ~ ~= 3 gives that pJ* and qz* have 
precisely one character in common with the opposite multiplicity. The case 
r3 7 yzi violates j q+* $- q9** 6 and hence wc must have rx := y?, tzi’ = 1. 
Finally the fact cpq*(l) = 0 gives T:~* u”? yi + J’? 1Ve have found the 
decompositions of vGi* (i -~ 1, . . . . 8): 
p1*=1c+v1-x1 
92 * = x 2 --- Xl + v 2 
93” = 21 +y3 -y4 
fP4" = 22 -Y1 CY2 
q5* z Ya -Y2 
q6* z Yl -Y4 
97 *El G -YYa + v2 
9% * = y4 + 01 - x3 . 
Using this and the formula which gives the values of an irreducible character 
on the elements belonging to the set of special classes of N(U), we can 
complete our character table. 
VIII. THE SUBGROUP SI'RUCTURE OF G 
LEMMA 8.1. Let M be a maximal subgroup of G. Then we have the following 
possibilities: M is the centralizer of an involution, M is a Sylow normalizer, 
M z A, or M s PSL(2, 11). 
Proof. Suppose at first that all Sylow subgroups of M are cyclic. Then by 
a result of Zassenhaus [Z.5] M has a normal Sylow p-subgroup. Hence M is 
either a Sylow-p normalizer (for odd p) or the centralizer of an involution 
(for p = 2). (The second case cannot happen.) 
Suppose now that a Sylow 2-subgroup T of M has order 4. We also may 
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suppose that the maximal normal odd order subgroup O(M) of M is trivial 
and that all involutions of M are conjugate in M because otherwise M would 
be a Svlow normalizer. If t is an involution of T, then obviously 
C(t) n &f c C(t). 
By the structure of C(t) we get that C(t) n -1(1 has a normal 2-complement 
K of order 1, 3 or 5. Using a result of Gorenstein-Walter [8] wc can determine 
the structure of !M. 
If 1 K / = 1, then M s -g;, because 1’ cannot be normal in ;M. If 1 K = 3, 
then Mg PSL(2, 11) or iVZ= PX(2, 13). H owever the second case cannot 
occur because 13 does not divide 1 G 1. If 1 K I = 5, then fV= PSL(2, 19). 
But this case also cannot occur because 9 does not divide G . 
Suppose finally that a Sylow 2-subgroup S of M has order 8. Suppose also 
that M does not have a normal subgroup of index 2. Let t be an involution 
of S. If C(t) < M, then M satisfies the conditions (a), (b), and (c) of our 
Theorem and hence by Lemma 4.1 I M i ~7 ~ G j, which is not possible. 
Hence C(t) .!: M. We also may suppose O(lM) = 1. If C(t) n M = S, then 
by a result of Suzuki [/3] we have either S KI Ail or i11.s SL(2,8). However 
the second case cannot occur because 1 G is not divisible by 9. If 
C(t) n il4 =-_ (t,: X F, , 
where F, g A, , then by a result of Janko [IO] we have either S <I M or M 
is isomorphic to the automorphism group of SL(2, 8). The second case is not 
possible. Suppose now that M has a normal subgroup AZ, of index 2. We may 
suppose again that M does not have a normal nontrivial subgroup of odd 
order. If 7 is an involution of&l, , then C(T) n AIf, has a normal 2-complement 
K, of order I, 3 or 5. By the result of Gorenstein-Walter [S] we have Mr z i3, 
or Ml g A, or Mr eZ PSL(2, 11). In the first case M is the normalizer of a 
four-group and S 4 M. If C(M,) n 144 h as order 2, then M centralizes an 
involution. If C(Ml) n M = ,<I:), then MS PGL(2, 5) or Ail- PGL(2, 1 I). 
But these two cases cannot occur because a Sylow 2-subgroup of PGL(2, 5) 
and PGL(2, 11) is not abelian. The lemma is proved. 
IJERIMA 8.2. Thegroup G has a se&fnormalizirg subgroup which is isomorphic 
to A, . In G we have precisely two conjugate classes qf subgroups isomorphic to A, 
Proof. We have A, =:= (a, b 1 a3 = b” = (ab)2 = I,\. Using the character 
table of G we can compute the number m of all pairs (a, 6) of elements +I of 
G such that a3 = b5 = (ab)2 = 1. (See Brauer [4 p. 5801.) We get 
m = 360 . 1463. On the other hand in a fixed subgroup (of G) isomorphic to 
A, we have 120 such pairs (a, b) of elements # 1 for which a3 = h” = (ab)2 = I 
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The intersection of two subgroups (of G) isomorphic to Ja cannot contain 
such a pair because every such pair of elements generates a group isomorphic 
to d, It follows that G contains precisely 3 . 1463 different subgroups 
isomorphic to .+lj The conjugate class of subgroups isomorphic to --Ia 
which arc centralized by some involutions consists of 1,463 subgroups. 
Hence G contains 2 1,463 self-normalizing subgroups isomorphic to :I6 
which must form one conjugate class. The lemma is proved. 
LEnlM.4 8.3. Suppose that K v_ t’SL(2, I 1) is a subgroup of G. If K, and K, 
are two icosahedral nonconjugate subgroups of h-, then they remain nonconjugate 
in G. 
Proof. VVe know from [7] that K has a dihedral subgroup D1, of order 12 
which has two dihedral subgroups DC and D,’ of order 6. Every dihedral 
subgroup of order 6 of K is contained in an icosahedral subgroup of K and K 
has precisely two conjugate classes of dihedral subgroups of order 6 with 
representatives D, and Ds’. On the other hand from the structure of a 
Sylow 3-normalizer in G we set that D, and D,;’ remain nonconjugate in G. 
Also wc know that K has precisely two conjugate classes of icosahedral 
subgroups with representatives K, and K, It follows that K, and Kz remain 
nonconjugate in G. 
LEMMA 8.4. The group G has at most one conjugate class of subgroups 
isomorphic to PSL(2, 11). 
hoof. Let K be a subgroup of G isomorphic to PSL(2, 1 I), R a Sylow 
11 -normalizer in K, R, a Sylow 5-subgroup of R and 7 an involution which 
normalizes R and centralizes R, We have K n K’ =: R and D = N(R,) n K 
is a dihedral group of order 10. Also we have N(R,) n K’ = D’. From the 
structure of N(Rs) we see that I1 and 11’ are the only dihedral subgroups of 
order 10 contained in N(Rg) that are not normalized by T. Any other subgroup 
of G that is isomorphic to PSL(2, 11) I US a conjugate K’ which contains R. 
If K’ T K and K’ 1 K’, then the dihedral group N(R,) n K’ must be 
normalized by T. Hence 7 E N(K’) and so 7 E K’ which contradicts the 
structure of K’e PSL(2, 1 I). It follows that K’ : K or K’ m: K’ and the 
lemma is proved. 
In Section X\,‘I we shall prove that the group G in fact has a subgroup 
isomorphic to PSL(2, 11). Hence we have 
LEMMA X.5. Every maximal subgroup of G is conjugate to one of the 
following groups: 
(i) Sylow p-normalizer (p _- 2, 3, 5, 7, 11, 19), 
(ii) centralizer <t> x F of an involution t, where F g A, , and 
(iii) the projective special linear group PSL(2, 11). 
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The group G has precisely one conjugate class of subgroups isomorphic to 
PSL(2, 11) and two conjugate classes of subgroups isomorphic to A, . If K is a 
subgroup of G isomorphic to PSL(2, 1 I), th en two icosahedral subgroups KI 
and K, of k’ which are nonconjugate in K remai?z nonconjugate in G. 
IX. THE AUTOMORPHISM GROUP OF G 
LEMMA 9.1. The group G is complete. 
Proof. Let A be a finite group containing G as a normal subgroup and 
C,(G) = (1). Suppose A > G. By a result of Brauer [2], 1 A/G 1 is odd. 
Let N be the centralizer of an involution t in G. Then H = C,(t) = (t> X F, 
where F z -4, and N is a maximal subgroup of G. For any a E A, H” is 
conjugate to H in G and hence 4 -= NJH) * G. We have also N,(H) = II. 
The groups F and (t) are characteristic in H, and since F does not have outer 
automorphisms of odd order, N,(FI) =F x C,(H). Also C,(H) has a 
normal 2-complement K f (1) which acts trivially on Il and K :g A/G. 
It follows that no one nontrivial element of K can fix any element of G\ H. 
The group G has 1,463 involutions and H has 31 involutions. Hence G\ H 
contains 1,432 involutions. Let d be an element of prime order p of K. 
Then d acts regularly on the 1,432 == 8 . 179 involutions of G \ H and so 
p = 179. The number of Sylow 7-subgroups of G is prime to 179 and 
hence there is at least one Sylow 7-subgroup V fixed by d. Obviously d acts 
trivially on I’ and so d acts trivially on G. This contradiction proves the 
lemma. 
X. THE GENERATORS OF G 
LEMMA 10.1. The group G is 2-generated. Moreover, G = (a, b) for 
suitable nontrivial elements a, b of any possible order with the only exception 
that both a and b cannot be involutions. 
Proof. The lamma follows easily from the character table of G, a result 
of Brauer [4, p. 5801 and Lemma 8.4. 
XI. THE SCHUR'S ~~ULTIPLICATOR OF G 
LEMMA 11.1. The Schur’s multiplicator of G is trivial. 
Proof. Let R be a finite group containing a normal subgroup X such that 
R/X G G, X < Z(G) and R’ 3 X. All odd order Sylow subgroups of G 
481/3/z-4 
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have prime order and so by a result of Schur [/2] X is a 2-group. By the way 
of contradiction, suppose X :f t,l/. Let I\: be a subgroup of index 2 in S. 
Because the group R/N has properties (RjA’)j(X/!V) g G, AY;A: < Z(R;IV), 
and (R/iV)’ ,> X/l\. we may suppose that S has order 2. \Ve have also 
R’ := R. Let S/X be a Sylovv 2-subgroup of R:X. Then 1 S ; 16 and S;A\- 
is elementary abclian of order 8. Let f,:.Y be the normalizer of S:S in IZ~_\~. 
‘Then L;‘S is a noncyclic group of order 2 1. 
Suppose at first that S is abelian. ‘l’hen by a transfer theorem R has a 
normal subgroup of index 2 which is not possible. 
It follows that S is a nonabclian group of order 2”. By a result of Burnside [5] 
the center Z qf S has order 4. Since Z is a characteristic subgroup of S, 
Z <I L. It follows that the subgroup %;,‘i of order 2 is centralized by L!A 
which is not possible. (The order of the centralizer of an involution in G is 
not divisible by 7.) ‘I’he lemma is proved. 
);11. 1 I-IjLOCK ‘I‘IIEOHY 01’ G 
\Z’e are using here the results of Brauer [/I. The irreducible characters 
lcll = 1, , ~4 , A, IL8 , ~4, ho, A1 , AZ, A3 , h , A5 form the principal 
1 l-block of G. Since the group G has 14 conjugate classes of elements of an 
order prime to 11, G has 14 absolutely irreducible 11 -modular characters. 
On the other hand G has 4 blocks of defect 0. It follows that the principal 
block contains precisely 10 irreducible modular characters. Let us define the 
f(~llowing two sets 8 = i94 , ~4 , A , ~4 , & , Cl1 , hJ, Z -= lv4 ,$Ju, , 
~/+a , $i4 , il,J which give a partition of the principal block. For every- 
character I,!J; E Yi we have $,(I) = 1 (mod I 1) and for ev-ery character 
4/‘, E Y2 we have +,(I) == ~~~ 1 (mod 11). 
X11 (ordinary) irreducible characters of G are real and hence all modular 
(irreducible) characters of G are real. It follows that “the tree” which 
corresponds to the principal block B is an open polygon. Xo two characters 
of a fixed set Y; (z’ -= I, 2) have a modular constituent in common. Every 
modular character of B appears as a modular constituent in precisely two 
irreducible characters of B. Also every irreducible character of B has at 
most two modular constituents. It follows that I,!J~ and $ii (or #i2) arc 
modular irreducible and any other irreducible character of B has precisely 
two modular constituents. 
M’ith the principal block B wc associate an open polygon. Every vertex 
I/, corresponds to an irreducible character t,, of B, every edge sU to a modular 
character F,, of B, and the edge sP contains V, , if ‘p,, is a modular constituent 
of E, . In what follows we shall indicate the ordinary and modular characters 
of B only by their degrees. 
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We have the following 14 possibilities: 
76 56 .- .-..___. 
20 56 
115 5 51 69 64 56 
(5) 
133 76 56 
(7) .--.___. 
119 14 62 71 49 7 113 20 56 
133 76 56 120 133 76 56 
(8) 
120 56 76 56 
49 84 36 20 56 
1 120 133 76 133 76 56 120 133 120 
(11) 
56 .~.~. .-.__-.__-. .__-.__ .__-. 
1 119 14 62 71 5 51 69 64 56 
120 56 76 
I 120 133 76 133 120 56 76 133 
(13) 
120 56 .___.___.___.___. .-__. __.-.~.___ 
1 119 14 62 71 49 7 69 64 56 
1 120 133 120 133 76 56 76 
(14) 
133 120 56 ,___~~~~ .--.~. .-__. 
1 119 14 106 27 49 7 69 64 56 
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We are able to rule out the possibilities (I))(1 I). In the cases (I), (2), (6), 
(7), (S), (9) and (10) let us denote by cp2,, the modular character of degree 20. 
In all these cases we have the relation (on I I -regular elements) 
where #i =: $a or z& and I/J, == ~,/~ir o $,a . Suppose at first that & = &,, . 
The restriction of v2a on a Sylow 2-subgroup S is an ordinary character of S. 
The value of ?no on an involution is ~~ 4 and so ,vaO , l,), --1, which 
is not possible. Hence we must have CJ+,, ~=m I/J, #j . The value of vz,, on an 
involution is novv 4 and on an clement of order 7 is ~ I. Let us consider 
a Frobenius subgroup E, of order 14 and let t be the linear nonprincipal 
character of E’, . We get (~a,, , [)F, - ~ I, which is not possible. 
Let p5 be the modular character of degree 5 in the cases (3) (5) and (11). 
In all these cases we have the following relation (on I l-regular elements) 
where $iC = I+!J~ or I& or #s . Th e restriction of ~~ on a Sylow 7-subgroup 
U of G is an ordinary character of L: and the value of y5 on an element of 
order 7 is ---2. Hence (:qs , 1 U: c, = ~~~ 1, which is not possible. 
It remains to rule the case (4). Let us denote the modular character of 
degree 18 by prR , On the 1 l-regular elements of G we have the following 
relation 
where $I x $~a or I& or #s . Suppose at first that +r = J+!J~ Then the value 
of qis on an involution is -6 and (vi8 , l,Y), = -3, which is not possible. 
Hence we must have G1 = I,!J~ or I+$. The value of his on an involution is 
now 2 and on an element of order 7 is 3. We get (q+a, OF1 1. - 1, which is 
not possible. 
It follows that we must be in one of the cases: (12), (13) or (14). Let us 
<denote by q~ the modular character of degree 7. In all these cases we have 
the following relation (on 11 -regular elements): 
where & = $9 or ho T A =- A1 or A2 , and lcrl = A or A or lCIR . 
Suppose at first that abn2 = G9. If moreover 4,. = & or I/+ , then the value 
of v on an involution is 7 and this is not possible. We must have 
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The values of F are in this case: 
Element of order 
1 I 
2 -1 
3 -2 
5 2 -t d5 
5 2 - 45 
The restriction of q on an icosahedral subgroup A of G is an ordinary 
character of iz and we get (y, pii, = ---I, where ,Bi is the irreducible 
character of A of degree 4. This is impossible. 
It follows that we must have $,,, = #i,, . If we have now &. = #a , then the 
value of cp on an involution is -9, which is not possible. We must have 
A = A or ~4. 
Suppose that we have I,& = $ii , $r = q& . Then the values of y are: 
Element of order 97 
- 
1 I 
2 -1 
3 1 
5 ~ ;(I - 3x4 
5 - b(l 1~ 345) 
We get (v, El), = 2 and (p, E,), = - 1, where [i and [a are the irreducible 
characters of degree 3 of A. In the same way we can rule out the possibility 
Zn = $ia , #r = I& . Hence we have proved the following two lemmas: 
LEMMA 12.1. The group G has an absolutely irreducible representation of 
degree 7 in a Jinite jield of characteristic I I. The Brauer character y of this 
representatioz has the values stated in Section I. 
LEMMA 12.2. The group G has only one (up to the equivalence) absolutely 
irreducible representation of degree 7 in a jield of characteristic 11. 
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XIII. MINIMAL REPRESENTATION DEGREE OF G 
Using the results of Brauer [(I, we get (in the similar way as in Section SIT) 
the following open polygons corresponding to p-blocks of defect 1 
(p = 3, 5, 7, 19) of G (indicating only degrees of characters): 
The case p := 3: 
Here we have 4 blocks of defect 1: 
1 77 76 133 209 76 56 133 77 56 133 77 .--.__. .__.~. .___.I__. .I__.__-. 
1 76 133 76 56 77 56 77 
The case p = 5: 
Here we have 3 blocks of defect 1: 
1 77 76 77 .__.-__. .__-.--2.6 l 33 133 209 76 .-.___. 
1 76 77 56 133 76 
The case p == 7: 
Here we have only one block of defect 1: 
1 76 120 76 120 209 120 .__.__.__.____.___.~. 
1 75 45 31 89 120 
The case p = 19: 
Here also we have only one block of defect I: 
1 56 77 56 77 120 77 .-.___. .__~__...__.____. 
1 55 22 34 43 77 
By considering the Sylow I l-normalizer, it is clear that in the fields of 
characteristic 2, 10 is the smallest possible faithful representation degree of G. 
Hence WC have proved the following: 
LEhlnr.1 13.1. The modular reppresentation of C of degree 7 determined by 
character q (Lemma 12.1) is a.faitIrful reprrsentatirm of G of the smallest possible 
degree in any jield. 
Let S = = <;tl , t, , tG3) be a Sylow 2-subgroup of G. ‘I’hen H -= :V(S) is a 
holomorph of S by a noncyclic group p, v pa =~ y7 = 1, ,~ivp -: vi> of 
order 21. Obviously all such holomorphs are isomorphic and we may put 
v -‘t,v =- t,, ) 1, lt,v =: t, ) v~-lt.,v = t,t,, and fkcltlp = t, , p--‘t,p --= t, , 
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j~it:,p = t,t,t:, . The restriction vi of the modular-irreducible character F 
(of degree 7) to H is an ordinary character of H. By Lemma 12.1 p1 is an 
irreducible character of E-I. It is easy to construct the corresponding represent- 
ation of H. We first take a nontrivial linear representation V of S and then 
construct the induced representation Y* of 5’ . <v>. The representation V* 
is the irreducible representation of degree 7 of S . \,v). There is a unique 
extension (denoted by the same symbol) of T jY* to a representation of H such 
that trace V*(p) = 1. 
\Ve have S . (v) = SV + SV* -1. ... + Sv7, V*(x) = ( V(vfc.w”)j, where 
C’(y) = 0 if y 4 S and V(t,) = V(t,) =m ~- C’(t8) :z (1). Hence 
Nl = v*(Y) 
From V*(V) * V*(p) = V*(p) . V*(V)*, V*(t,) . V*(p) = V*(p) * V*(t,) and 
trace V*(p) = 1 we get 
0 
I 0 
0 0 1 0 0 0 
0 0 0 0 0 1 0 
1 0 0 0 0 0 0 
1441 = v*(p) = 0 1 0 0 0 0 1 
0 0 0 0 1 0 0 
0 0 0 0 0 0 1 1 J 0 
This representation of H can be considered as a representation in the 
field GF(lI). It is known that in this new sense the representations remains 
to be absolutely irreducible. 
We are planning to extend this representation to a representation I/* of G 
in a field of characteristic 11. It is clear that this extension must lie also in 
the prime field GF(l1). Suppose that there is an x E G such that the matrix 
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V*(X) == (01~~) has an cyij which does not lie in GF(I 1). The representation V* 
is realized in the field GIJ(l l”), n -b 1, and so there is an element 0 of the 
Galois group of GF( 11”) over GF( 11) such that n$ # CQ . Applying Q on all 
matrices of I’* we get a new absolutely irreducible representation I’*’ of G. 
However V*@ must be equivalent to V* (by Lemma 12.2). But we have 
V*‘(y) = V*(y) for all y E B and so the matrix X E GL(7, 11”) which 
performs this equivalence must commute with all matrices V*(y), (y E N). 
It follows by a Schur’s lemma that S is a scalar matrix and hence I’*’ _ V* 
which is a contradiction. 
There is an involution 7~ G \ H such that 7~ ~7 ~7 and 7~7 :-= v-l. From 
the structure of C( ‘p:~,) follows that (fi~)~ m: 1. It is easy now to determine 
the matrixL = V*(T). FromL V*(V) . L = V*(V)-l and 
I. . V”(p) ---= v*(p) . L 
follows that the matrix L must have the following form 
I 
Y 01 B B Y P Y 
B B Y P Y 
; P Y P Y Y 
Y 
L= /3 B Y Y c’s ;: Y Y 1 L 
; 9 i Y Y ; ; F 
Y Y @i i B Y 18  
where CI, j3, y E GF( 11). From L2 = 1 and trace L = - 1 we get the following 
two relations: 
(1) P"+y'-t'qt-Y)+3PY=O 
(2) 3p-+3y+a:= -1. 
From (1) and (2) follows 
(3) 2P2 $~ 2Y2 t 3/3y + p + y = 0. 
Since y E GF( 1 l), 4/P - 26 f 1 must be a square. Squares in GF(l1) are 
0, 1, 3, 4, 5, 9. We get the following 10 possibilities for 01, 5’, y: 
a 
--. -~~ - -.-~ ~-- ~~~ 
-I 
6 
6 
-2 
0 
0 
-3 
-3 
-4 
-2 
B 
0 
0 
5 
3 
1 
6 
3 
5 
6 
I 
Y 
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The condition (TJ,)” = 1 shows that only the last case 01 = -2, /I = 1, 
y = 3 is possible. We get 
L = v*(T) = 
and 
B = T,L = 
-3-2 11 3 13 
-2 1 1 3 1 3 3 
1 1 3 1 3 3 -2 
1 3 1 3 1 3-2 1, 
3 1 3 3-2 11 
1 3 3--2 1 I 3 
- 3 3-2 11 3 1 1 
--3 2 -1 -1 -3 --I -3 
-2 1 1 3 1 3 
-1 -1 -3 -1 -3 -3 
3 1 2 -1 -3 -1 -3 -3 2 --I 
-3 --I -3 -3 2 -1 
1 3 3-2 11 
-1 1 
. 
3 
- 3 3-2 11 3 1 
Because His a maximal subgroup of G, the representation V* of G is defined. 
We have constructed the simple group G as a subgroup of GL(7, I I ) generated 
by the matrices T, , M, , N, , and L. 
We know that G does not have a proper subgroup whose order is divisible 
by 35 and so we have proved our: 
THEOREM. G is a simple group isomorphic to the subgroup J of GL(7, 11) 
generated by matrices A( =Arl) and B. 
Also the 1 l-modular irreducible representation of G generated by matrices 
A and B has Brauer character p given in Section I. 
The matrices A and B are orthogonal and so G is isomorphic to a subgroup 
of O(7, 11). 
XV. THE EXISTENCE OF G 
We shall consider here the group J1 generated by matrices T, , &f, , N, , L 
over GF(I 1) (Section XIV). Our aim is to show that the group Jr has 
properties (a), (b) and (c) stated in our Theorem. 
LEMMA 15.1. The order of the group JI is a multiple of 175,560. 
Proof. We know that HI = ( TI , M, , Nr) is a holomorph of an elementary 
abelian group of order 8 by a noncyclic group of order 21. The matrix T,L 
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has order 5, the matrix :VI(1;L)2 has order 11, and the matrix IV,“T,L has 
order 19. Bccausc 8 . 3 . 5 . 7 I 1 . 19 -- 175,560 the lemma is proved. 
‘i’he follovcing crucial lemma is due to .\I. A. Ward. The computation 
by which it is proved is ingenious. 
1,EzrnIx 15.2. The order of thegroup J, is equal to 175,560. 
Proof. Put T = NF*T~N~~, M = N;-3M,~\‘13 and N 1 il;cl. Then we 
have HI --~ (, T, M, N). Let us denote C, =: I (unit matrix), c‘, = L, 
C;; LTL, C, -~ LTLTL, C5 = LTLNTI,, C, =(LT)3L, C, = LTZTLN’TL, 
C’, -1 L TI, TLN4TL, C, -= (LT)“LN’TI,, C,, = (LT):‘LN”TL, and 
VII =: I,TLTLN4TLTL. 
Consider now the collection % of double cosets 
Q? = H,C,H, u H&H, v ... v H,C,,H, 
\Y:e shall show that the set ‘6 forms a group. Because the generating matrices 
T, ,W, A’, L are contained in V, we have then ‘g -:y J1 . Any double coset 
H,C,H, contains at most 1 H, i2 == 168” elements and so , J1 ! .< 1 I . 1682 
310,464 and this is less than 2 . 175,560. Because by Lemma 15.1 the order 
of J1 is a multiple of 175,560, it follows that / J1 [ = 175,560. 
To show that the set ‘# forms a group it is enough to show that for every 
C,(l <i.-. Il)anda(O<a< 6) wc may represent C@‘TL as a member 
of one of the double cosets H,C,li, , that is, that there exist h, , h, E H, and 
(‘, (I s< j :: I I ) such that 
h,(CiNaTL)h, = C, . 
In fact every element of H, has the form 
(*) 
TN”NB&f:’ (O<a<6,O<p<6,y=0,1,2) or ,V”M.~. 
.-&o we have NL = N-l, ML y= Mh'. Using the relation (“), it follows that 
for every Ci (1 :z< i < 11) and R E H, v-e can find Cj and the elements /I’, 
II” E H, such that 
CihL = h’C;l/“. 
Lising these relations repeatedly, it follows that for every pair C, , (I, 
(I <i,j<ll) andfor everykEH,wecan find C,(l <~<ll) andthe 
elements k, , k, E N, such that 
C,kC, = k,C,k, , 
and this shows that the set 0 forms a group. 
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It remains to show that for each Ci (1 < i < 11) and each a (0 < a < 6) 
there exist h, , h, E H, and Cj (I < j < 11) such that h,(CiNaTL)hz = C’, . 
For i = 1 and 0 < N < 6 we have j = 2 and we may take h, = (N”T)-l, 
h,=I.Fori=2andO<oi<6wehavej=3andwemaytakeh1-=W, 
AZ = I. For the other values of i and 01 we give the solutions forj, h, and 12, 
in the following table: 
i 
- 
3 
3 
3 
3 
3 
3 
3 
4 
4 
4 
4 
4 
4 
4 
5 
5 
5 
5 
5 
5 
5 
6 
6 
6 
6 
6 
6 
6 
7 
7 
7 
7 
0 4 
1 5 
2 5 
3 3 
4 4 
5 4 
6 5 
0 6 
1 6 
2 7 
3 5 
4 8 
5 8 
6 7 
0 6 
1 8 
2 5 
3 4 
4 7 
5 7 
6 5 
0 5 
I 6 
2 9 
3 8 
4 6 
5 10 
6 4 
0 8 
1 5 
2 7 
3 8 
7 4 5 
7 5 9 
7 6 4 
8 0 11 
8 1 5 
8 2 4 
8 3 7 
8 4 10 
8 5 7 
8 6 6 
9 0 10 
9 1 6 
9 2 7 
9 3 11 
9 4 7 
9 5 6 
9 6 7 
10 0 8 
10 19 
10 2 8 
10 3 6 
10 4 8 
10 5 10 
10 6 6 
II 0 9 
11 18 
11 2 8 
11 3 8 
II 4 8 
11 5 9 
I1 6 8 
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LEMMA 15.3. A Sylow 2-subgroup of J1 is elementary abelian of order 8 
and all involutions are conjugafe in J1 . It follows that J1 has no subgroup of 
index 2. 
I’roof. The lemma follows immediately from the fact that / Jl 1 = 175,560 
and H, = CT, 144, N? < J1 . 
LEMMA 15.4. If t is an involution of J1 , then C(t) = (t) x K, where 
KSA,. 
Proof. Let S be a Sylow 2-subgroup of J1 . Let A? be a complement of S 
in C(S) and fir (>a) a complement of S in Ai( Suppose $!I + 1. The 
case N(S) = J1 is not possible because the involutory matrixL is not contained 
in S. The group i@,/A?l is a noncyclic group of order 21. Suppose that 
191 ii? i . It follows that a Sylow 19-normalizer has an order divisible by 
8 . 3 . 7 . 19 and hence by a Sylow theorem the group J1 is 19-closed. This is 
impossible because the matrix W3(T”‘L,) has order 19, where K has order 7 
and TNzL has order 5. Suppose that I 11 j A?! 1. Then the order of a Sylow 
1 I -normalizer is divisible by 11 . 3 . 7 . 8 and J1 is 1 l-closed. This is also 
impossible because the matrix s~~l(T’V’L)Z has order 11, where (T”‘L)’ 
has order 5. It follows that A?’ is a Sylow 5-subgroup of J1 . Also it is clear 
that A? is not normal in J1 and A’(A?) 2 N(S). The only possibility is 
[Ji : N(M)] = 11 and so a Sylow 19-subgroup D of J1 centralizes A?‘. Because 
obviously N(A?) = C(.!?), the group /i has a normal 5-complement R. 
‘l’he group D is normal in R and hence in Ji which is not possible. 
VVTe have proved that C(S) = S. Take the involution t from S and suppose 
S c< H1 . Let K be a complement of ;t> in C(t). The group K n 13, is 
isomorphic to A,. If I’ is a Sylow 2-subgroup of K n H, , then C( 1’) n K ~~ V
and ,%:(I’) n K z A, . By a result of Janko [IO] we have K ‘i. N, and so 1’ 
is not normal in K. Let 7 be an involution contained in I/. Because 
C’( 1’) n K = V, a normal 2-complement of C(T) n K is abelian. 
L,et U be the maximal normal odd order subgroup of KY. VV-e have 
1 F = 1 C(T) n L’ I3 because all involutions are conjugate in K. All odd 
order Sylow subgroups of Ji have prime order and so we have 11 = ’ 1 \ \ /’ 
By a result of Gorenstein-Walter [8] we get K s I’SL(2, q), where q is 
odd and q 3 5. If q > 5, then by a result of Janko-Thompson [II] we get 
(, z 3211 1, n 2: 1. This is not possible. Hence q =- 5 and C(t) = c ti x K, 
where K E dj . The lemma is proved. 
VVe have proved that the group G satisfying properties (a), (b), and (c) of 
our Theorem exists and so Jl = J. 
LEMMA 15.5. A group G satisfying properties (a), (b) and (c) of our 
Theorem exists. 
FINITE SIMPI,E GROUP 183 
S\:I. PSL(2,ll) As A SUBGROUP OF G 
LEMMA 16.1. The group G has a subgroup isomorphic to PSL(2, 11). 
F’Yoo~. We shall work in the group J generated by matrices T, M, N, L 
(Section XV). The matrices 
a ---= M- lCllTN4M, t, = ~h%.hi, 1, =- 7 
satisfy the following relations 
(75 Y f,2 _- t,2 = 1) t, t, = t,t, , &at, = a-l, 
(a-l@ = 1 and (t,t,a-1)5 = 1. 
Put b = a-‘t, and c = t,t,a-l. The matrices a, b, and c satisfy the following 
relations a5 = b5 = c5 = (ab)2 = (bc)2 = (~a)” = (abc)” = 1, and so by a 
result of Coxeter [6] the group <a, 6, c I is isomorphic to PSL(2, 11). The 
lemma is proved. 
XVII. THE GROUP G AS A SUBGROUP OF 
DICKSON’S SIMPLE GROUP G,( 11) 
The following lemma is due to W. A. Coppel. 
LEMMA 17.1. The group G is a subgroup of the Dickson’s simple group 
G,( 11) related to the simple Lie algebra of type (G,). 
Proof. Let Q denote the quaternion algebra over a field 9. Every a E Q 
has a unique representation 
where~~LLE,iz=jz=k%=-l,ij= -ji=k,jk=-kj=i,ki=-ik=j. 
The conjugate quaternion ti is 
The Cayley algebra @? over 9 consists of all linear combinations 
c = a -+ bu, where a, b E Q and multiplication is defined by 
a(bu) = (ba)u 
(bu)a = (b6)u 
(au)(bu) = -$a. 
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The group Gs = G,(F) is defined to be the group of all automorphisms of %?. 
Since every automorphism leaves invariant the linear subspace spanned by 
the basis elements 
e, =- i, e2 =j, e, =: k, e4 = u, e5 =- iu, e6 = ju, e7 = ku 
it can be represented by a 7 x 7 matrix g =- (g,,,,). Conversely any such 
matrix represents an automorphism of ‘6’ if it is orthogonal (g’g = I) and if 
(ge,J(geJ = g(ePev) for all pairs CL, v with IL . V. 
It may be verified that given any 4 Y 4 orthogonal matrix h there exists a 
unique 3 x 3 orthogonal matrix a such that 
The elements aUV of a are given explicitly in terms of the elements bUV of b 
by the formulas 
b 31 32 lb .I b b,, 41 
b 
u 11 13 -= 
b 
bI4 ! 
21 b,, , 
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In this way one recognises that if 9 is the field of 11 elements the following 
matrices belong to G,(3): 
M’ = I 1 I 0 I-:, 0 0 8 0 ; “0 1 
O-l 0 0 J 
-2 5 4 
5 -4 2 0 
4 2 5 
c;, = 1. 
I 0 -1 2 3 --1 3-l 2 -l 3 --I 2 31 
But W = U-IN1 C, T’ = l.-lN,TIN~lC~, 34’ = WIM,N,U and 
C;, = I;‘-1N~3CllN13U, where N, , n/r, , T, are defined in SectionXIII, C,, 
in Section XT and 
1 
u=o 1 
0 0 0 0 0 0 
0 0 0 0 0 0 -1 
0 0 0-l 0 
10. 1 0 0 
i 0 
0 0 0 0 
0 10 10 0 10 0 1 
Hence the group J, which is generated by N1 , Tl , Ml , C,, is conjugate to a 
subgroup of G2( 11). 
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